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Abstract
The majority of the world’s electricity is generated using fossil fuels; in fact, the United

States Energy Information Administration (EIA) states that the U.S. used fossil fuels to
generate 62.7 % of its electricity in 2019 [1]. The goal of this research was to create a
system that could perform mechanical work using only renewable resources. We built a
solar charging station that uses two solar panels to generate electricity and an electric
bicycle whose battery can be charged using the charging station. The efficiency for the
type of solar cell used in this project is well established. Therefore, in order to examine the
overall efficiency of the system, the efficiency of the electric bicycle motor was measured.
We developed a mathematical model of the motor’s efficiency, which could be used in the
future to design new motors or find ways to improve efficiency. With such information,
novel systems could be designed to use renewable resources to perform work in the form
of transportation.

2

Introduction
A current trend of automobile manufacturers is to search for alternative methods of

vehicle propulsion to the traditional internal combustion engine (ICE). In fact, the Alternative Fuels Data Center reports that in 2011 there were 17,763 plug-in electric vehicles
sold in the United States, and in 2019 there were 326,644 plug-in electric vehicles sold in
the United States [2]. Electric motors seem to provide an answer to the question of how
we will power the vehicles of the future, but there is still much to learn about electric
vehicles. One of the largest obstacles faced by scientists and engineers is to design electric
motors that perform efficiently and still produce reasonable power. In addition, the goal
of these electric vehicles is to decrease the current output levels of pollution. As stated
by the United States Department of Energy, "There are two general categories of vehicle
emissions: direct and life cycle" [3]. The direct emissions that are produced from vehicles
with ICE’s consist of large amounts of pollutants being dumped into the atmosphere as
these vehicles run. These pollutants being projected into the atmosphere contribute to
high levels of smog and contribute to health concerns. Vehicles with ICE’s also produce
large volumes of greenhouse gases, which have played a major role in global warming. Electric vehicles do not produce direct emissions because they do not directly consume fossil
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fuels to operate. However, they still produce life cycle emissions through the evaporation
of fuel and the creation of pollutants in the process of harvesting electricity. This raises
the issue of how the electricity that will charge electric vehicles should be harvested. The
majority of the electricity in the United States is obtained through the consumption of
fossil fuels; the EIA states that fossil fuels contributed to 62.7% of the total U.S. electricity
generation in 2019 [1]. If the methods of harvesting electricity are not altered to rely less
on fossil fuels, then an increase of electricity consumption with the increase of electric vehicle presence will hinder the goal of electric vehicles by increasing life cycle emissions. As
mentioned before, the majority of electricity generation comes from fossil fuels, and these
methods of generation produce similar byproducts to that of ICE’s. However, the use of
renewable resources like solar and wind to harvest electricity for use in electric vehicles
would drive down the overall direct and life cycle emissions. For this research, we wanted
to examine the feasibility of using an electric vehicle. To cover such a topic, we created a
small-scale prototype that uses a solar charging station to charge the battery for an electric
bicycle (e-bike). With this prototype, we wanted to examine the efficiency of the system
at converting solar energy into mechanical kinetic energy.
At the beginning of this project, we intended to calculate the efficiency of the charging
system and the efficiency of the electric bike, and then use this to calculate the overall
efficiency of the entire system. However, the efficiency of the polycrystalline silicon solar
panels is well established, and we did not have the time or resources to verify the established
values. The manufacturer, Grape Solar, produced a fact sheet stating that each of the
solar panels had a module efficiency of 14.63% [4]. In other words, 14.63% of the available
solar energy is converted into electrical energy. To put this efficiency into perspective, we
wanted to compare the possible energy these panels can produce to the energy consumed by
the average American household. The National Renewable Energy Laboratory produced
maps of the United States showing the solar irradiance striking the country, and Virginia
received an average of 4.5 - 4.9 kilowatt hours per square meter per day (kWh/m2 /day)
[5]. The surface area of each solar panel is around 0.68 m2 , so at 14.63% efficiency, the two
panels are capable of producing 0.90 - 0.97 kWh/day. According to the EIA, the average
American home consumed around 914 kWh/month in 2018, which translated to roughly
30 kWh/day [6]. So, these two solar panels produced nearly 1/30 of the total energy
consumed by a household per day. While we knew that a small amount of this electrical
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energy would ultimately be dissipated through the circuitry components of our charging
station, we assumed that the energy would all be stored in the e-bike battery during the
charging process. Thus, the electrical energy present in the e-bike’s battery would be
14.63% of the energy that was potentially able to be stored from the sun. Unfortunately,
the manufacturer of the e-bike’s hub motor produced little information about its efficiency,
so we focused our efforts on determining this value experimentally.

3

Prototype Design and Basic Functionality
The first step in our project was creating the system to be studied. This system was

comprised of a solar charging station and an e-bike. The solar charging station was built as
an addition to the Bike Shack at the University of Lynchburg. The Bike Shack is situated
between the Hobbs-Sigler science building and the Dillard art building. In this location,
the Bike Shack receives sunlight for approximately six hours per day, so the solar panels
are subjected to the necessary conditions to generate electricity. It is important to note,
the manufacturer of the solar panels recommended that they be mounted facing South and
be tilted above the horizontal to the latitude angle of the mounting location. The side of
the Bike Shack that we chose to mount the panels on does face south, but we ended up
mounting the solar panels at a greater angle than the latitude above horizontal. We did
this for two reasons: one reason is that we mounted them in the winter, so the sun was at
a lower inclination in the sky, and the other reason was that we did not want the panels
protruding off of the side of the building so far that someone may run into them. Mounting
these panels at an angle other than what is recommended can decrease the efficiency of the
panel. Solar panels are designed to operate at the highest efficiency when light is incident
perpendicular to their surface. When light does not strike the surface perpendicularly,
more light is reflected off of the surface and cannot be used to generate electricity. For our
application, we are assuming this loss will be negligible, but it would be worth considering
for future research.
Overall, the charging station consists of two 100 W solar panels, a maximum power
point tracking (MPPT) solar charge controller, a 12 volt, direct current (VDC) deep-cycle
marine battery, and a 1000 W inverter. The solar panels are shown in Figure 7 in the
Appendix, and the other three components are shown in Figure 8 in the Appendix. With
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this system, we were able to plug the e-bike battery charger that the manufacturer provided
directly into the inverter and charge the e-bike battery. A schematic of the circuit can be
seen in Figure 1.

Figure 1: Schematic of our solar charging station.

It is important to understand how the solar panels function. A solar panel consists of
an array of solar cells, and each of these solar cells is a specially designed semiconductor.
A semiconductor is a material with a small energy gap between the valence band and
conduction band. If an electron is excited in the valence band with energy greater than
the gap, then the electron will enter the conduction band and leave a hole in the valence
band. There are semiconductors that are doped to contain acceptor levels above the valence
band, and these are known as p-type semiconductors. Similarly, a semiconductor doped to
have donor levels just below the conduction band is known as an n-type semiconductor. If
a p-type and n-type semiconductor are joined together to form a junction, positive holes
diffuse into the n-side of the junction and electrons diffuse into the p-side of the junction.
This diffusion of charges creates an intrinsic electric field across what is known as the
depletion region, which can be seen in Figure 2.
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Figure 2: Positive holes diffuse to the N side and electrons diffuse to the P side, creating
an electric field across the depletion region.

As noted in Modern Physics, Heinrich Hertz discovered the photoelectric effect in 1887
while examining the voltage required to cause a spark between two metal electrodes, which
he noticed was affected by ultraviolet light striking the electrodes. The photoelectric effect
was later explored by Albert Einstein, and he determined that light exists in quantized
energy packets known as photons [7]. These photons are massless particles of light that
carry no charge. However, photons possess energy, which can be transferred or converted
to other forms. The energy, E, of a single photon can be defined as having a magnitude
of Planck’s constant, h, multiplied by the frequency of the electromagnetic wave that
describes the photon, f , or

E = hf.

(1)

As photons with energies greater than the band gap strike the surface of a pn-junction
semiconductor (as seen in Figure 3), electrons are excited from the valence band of the
p-side into the conduction band, leaving behind a positive hole. Some of these electrons are
accelerated to the n-side of the conduction band by the electric field within the depletion
region. As this happens, there becomes an abundance of negative charge on the n-side
and an abundance of positive charge on the p-side. So a potential difference forms across
this pn-junction, which allows a current to flow if a load resistance is connected across this
voltage.
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Figure 3: Schematic of photons striking a solar cell and causing a current to flow. Adapted
from [7].

As sunlight strikes the surface of our solar panels, a current flows into the solar charge
controller. This controller monitors the voltage across the solar panels, which are wired in
parallel, and it monitors the current flowing from the panels. Then, the controller reads
this information and uses it to charge the 12 VDC marine battery. The 1000 W inverter
converts the 12 VDC from the battery to 110-120 V alternating current (AC) at 60 hertz
(Hz). Therefore, the outlet on the inverter imitates a standard wall outlet. As a result,
the system allowed us to use our e-bike battery charger, which was intended to be plugged
into a wall outlet, to charge the battery with electricity generated from solar energy.
Being able to charge the e-bike battery, which is a 48 VDC lithium-ion battery, was
a fundamental aspect for the functionality of the e-bike. Without a charged battery, the
e-bike would only behave like a standard bicycle. Unfortunately, the added weight from
the components of the e-bike made it a heavier bicycle than a standard bicycle. In turn,
the added weight created the need for a rider to exert more energy to move the bike if the
electric hub motor was not contributing to the driving force. The components that needed
to be added to the bike included a rack for the battery, the battery, the front wheel with
a built-in electric hub motor, the motor controller, the throttle, the LCD display, and the
new brake levers. A picture of the battery and its carrying rack can be seen in Figure
10 in the Appendix. Also, a picture of the motor controller can be seen in Figure 11 in
the Appendix, along with all of the components on the handlebars in Figure 12. The two
heaviest components we added to the bike were the battery and the hub motor, which each
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had a mass of about 10 kilograms (kg). The battery rack was mounted on the back of the
bike over the rear wheel, and the battery simply slid into this rack and locked into place.
The stock front wheel of the bike was removed, and the new front wheel with the hub
motor was mounted in its place. The controller for the motor was mounted on top of the
battery rack, which made plugging the controller into the battery convenient and provided
a flat place to mount it. The stock grips were removed, along with the stock brake levers
allowing us to mount the LCD display and the throttle on the handlebars, as well as the
new brake levers (which had switches in them to turn off the flow of electricity to the motor
when the brakes are applied). Then, we mounted new grips on the handlebars that were
provided with the e-bike kit. With all of these components in place, we secured all wiring
to the frame of the bike so that it would be out of the way. The fully assembled e-bike and
a charged battery meant that we had a prototype that was ready to be ridden and tested.

4

Hub Motor Design and Functionality
Before we could proceed, it was important to note the basic idea of how this e-bike

functioned, which we analyzed later in more technical terms. The addition of all the electric
components allowed the bike to be propelled using torque from the electric hub motor, but
it did not limit the bike to only being able to function when the motor was running. When
the motor was off, the front wheel of the bike still rotated freely, like the original front
wheel. When the motor was on and the rider twisted the throttle on the handlebars,
electricity flowed from the battery to the electric hub motor. The direct current from
the battery was converted into an alternating current within the motor controller. This
alternating current pulsed through coils of wire in the hub motor. As noted in an article
by Grin Technologies, these motors use a combination of coils of wire known as stators
and permanent magnets to create torque [8]. The permanent magnets are attached to the
inside of the motor’s body along the outside edge of the hub. A sketch of what these coils
would look like with current flowing can be seen in Figure 4.
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Figure 4: A sketch of the stator coils with current flowing.

The body sits on bearings that are attached to the axle. In turn, the rest of the wheel
is laced to the outside of the hub using spokes. An image of the wheel with a hub motor
can be seen in Figure 5.

Figure 5: Installed motorized wheel on the bike.
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The components seen in the figure are actually what rotate about the fixed stators mounted
on the stationary axle inside of the hub. For illustrative purposes, we used Autodesk
Inventor to create a model of this brushless hub motor, which can be seen in Figure 6.
When in use, the motor controller sent current to the individual coils in an alternating
sequence, and a torque was created on the body of the motor by attractive and repulsive
magnetic forces. This torque caused the wheel to rotate, and the amount of torque that
was created was dependent upon the amount of current that was sent through the stators.
This type of hub motor is known as a direct drive motor because the power input is directly
responsible for the wheels motion and there is no transmission. As a result, the motor could
be used to assist the rider in propelling the system in difficult riding conditions, it could
be used as the primary source of propulsion for the system, or the rider could neglect to
use it at all. Another type of electric motor that could have been used for this application
would be a geared electric hub motor. These electric motors are smaller use their torque
to drive planetary gears and generate motion. The gear configuration allows for the use of
fewer stators and magnets, so these motors typically weigh less than direct drive motors.
We noted this because one disadvantage of the hub motor we used is the mass of about
10 kg that it added to the bike. This was something that we had to account for when we
considered the system in a state where the battery was dead.

Figure 6: Our three-dimensional model of the brushless hub motor.
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Theory
The main experimental aspect of our project was to determine the efficiency of the

electric hub motor. Efficiencies are a topic of major concern in the automobile industry, so
it is helpful to have the ability to calculate such quantities. In a section about engines and
refrigerators, Daniel Schroeder covered the topic of efficiency in his book An Introduction
to Thermal Physics [9]. He describes the efficiency of an engine as the ratio of benefit/cost.
This concept was referring to the work done by a heat engine as the benefit and the heat
being absorbed by the engine as the cost. We used a similar concept to define the efficiency,
η, of our electric hub motor as

η=

benefit
cost
η=

or

(2)

W
,
Ein

(3)

where W is the mechanical work done by the electric motor, and Ein is the electrical energy
input to the motor. Since both of these quantities have units of energy, we divided them
by a factor of time to relate the efficiency to power yielding

η=

Pout
,
Pin

(4)

where the efficiency is equivalent to the ratio of the mechanical power output, Pout , to
the electrical power input, Pin . Our first step was to define electrical power, and Richard
Wolfson defines electrical power in his text Essential University Physics as "the product
of the energy per unit charge and the rate at which charge moves through the conductor,"
or

Pin = V I,
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(5)

where V is voltage and I is current [10]. For the mechanical power output, we wanted to
examine the amount of work the wheel could do in a period of time. Work is defined in
physics by the work-energy theorem seen in Equation (6). This is defined by John Taylor
in his book Classical Mechanics as follows: "The change in a particle’s KE [kinetic energy]
as it moves between points 1 and 2 is the work done by the net force [11]," or

2

Z
∆T ≡ T2 − T1 =

F · dr ≡ W (1 → 2).

(6)

1

where ∆T is the change in kinetic energy, T1 is the kinetic energy at a point 1, and T2
is the kinetic energy at a point 2. The change in kinetic energy is equal to the integral
of the force F dotted into the path dr on the interval between points 1 and 2, which is
equivalent to the work W done between these points. Therefore, we decided to set our
experiment up in a manner that allowed us to simultaneously measure the current and
voltage being supplied to the electric motor, as well as the work the wheel was performing
when lifting a mass. To do this, we suspended the wheel and fastened one end of a cable to
the rim, the other end of which was attached to a free mass. As voltage and current were
supplied to the motor, the wheel lifted the mass, which changed the kinetic energy of the
mass. However, the act of lifting the mass from some initial position, which we defined as
a zero of potential energy, also gave the mass a gravitational potential energy. Assuming
no non-conservative forces, conservation of energy told us that the sum of potential energy
(PE ) and kinetic energy (T ) of the mass in its initial situation must equal the sum of the
PE and T in its final situation. In other words, we write the change in kinetic energy as

T1 + P E1 = T2 + P E2 ,

(7)

T2 − T1 = P E1 − P E2 ,

(8)

∆T = −∆P E.

(9)

This relationship in Equation (9) says that the change in the mass’s kinetic energy
during this process was equal to the negative of its change in potential energy. Using
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Equation (6) and Equation (9), we can write the negative change in potential energy as

−∆P E = W (1 → 2).

(10)

The work done on the mass by gravity when raising the mass to some height is given
by W = −mgh, where m is the mass, g is acceleration due to gravity, and h is an arbitrary
height for the mass to be raised. This quantity is negative because the force due to
gravity points down and the displacement of the mass is up. With this definition of work,
gravitational potential energy is defined as P E = mgh from Equation (10). Therefore,
using this expression and the time required to perform this work, t, the mechanical power
output could be calculated using

Pout =

mgh
.
t

(11)

Combining Equations (4),(5), and (11), the efficiency of the system was calculated using

η=

mgh
.
IV t

(12)

When we performed the experiment, we used video analysis to determine average values
for current, voltage, and time. This process is described more in the experiment sections.

6

Experiment
The original setup for this experiment would have been constructed in the physics

laboratory at the University of Lynchburg. However, in unprecedented circumstances, all
students were restricted from returning to campus after the 2020 spring break because
of the outbreak of a COVID-19 pandemic across the globe. This outbreak required the
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original experimental design to be altered because our experiment needed to be done in a
residential setting. To perform our experiment and determine the efficiency of the electric
hub motor, we needed a large distance where a mass could be hung. In Salem, Virginia,
there is a 3.1 meter diameter culvert pipe at the entrance to a neighborhood, which provided
a vertical drop, where we conducted our experiment.
We removed the tire from the front wheel, which provided us with a bare rim. The
concavity of the interior side of the rim was an optimal location to run a length of 3.2 mm
diameter cable, which would not be able to fall off of the rim when it was rotating. Since
we were lifting fairly heavy masses, we did not want to take the chance of having the cable
tethered to the mass slip off and letting the mass fall. To keep the cable from slipping, we
ran the cable through the hole for the valve stem, and then we fastened a wire clip on that
end so that it could not pass back through the hole. This provided us with a necessary
anchor point to prevent the cable from slipping as the wheel rotated. On the other end of
the cable, we attached a shackle that allowed us to fasten a 19 liter bucket to the cable.
This bucket was where we placed our masses that were to be lifted. Due to the lack of
resources available in the residential setting, we placed large rocks in the bucket as masses.
Then, the total mass in kilograms was measured using a standard pressure scale. Before
the masses were lifted, we set up the bike so that the wheel was hanging out over the ledge
and the wheel would be rotating in the proper direction when the throttle was engaged.
This required us to invert the bicycle and place the handlebars on the concrete at the top
of the culvert pipe, as seen in Figure 13 in the Appendix. In this orientation, when the
throttle was engaged, the rotation of the wheel in its forward direction wound the cable
around the rim and lifted the mass. In addition, this setup allowed the handlebars to be
solid anchor points on the ground and the rest of the bike to be a counterweight to the
mass we were lifting.
With the setup complete to lift the mass (seen in Figure 14 in the Appendix), we
also had to simultaneously measure the voltage across the two leads going into the motor
controller from the battery and the current flowing into the controller. To measure these
values, we used two multi-meters. One of the meters was set up to read the voltage with
a maximum of 200 V, and the other was set up to read the current with a maximum of 20
A. We later determined that this ammeter would be a limitation for our data collection.
Cameras were used to record the screens on the multi-meters and record the masses being
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lifted as we operated the bicycle. This method of data collection left room for error because
it required the videos to be analyzed instead of having data that was directly recorded on
some instrument. Nevertheless, we were able to successfully record data for three masses:
10.0 ± 0.5 kg, 13.0 ± 0.5 kg, and 15.0 ± 0.5 kg. To conduct each trial, we engaged the
throttle at a constant rate and allowed the mass to travel upwards. Once the mass had
reached the top of its motion, we applied the brake on the front wheel to allow the mass
to slowly fall back to the ground. This was an important step in the process because it
prevented us from damaging the components of our setup. We conducted trials for each
mass traveling upward at a slow speed and a fast speed.

7

Data
Using the values obtained from video analysis, we utilized Equation (12) to calculate

the efficiency of the electric hub motor for each run. For each of these runs, g = 9.80
m/s2 and h = 3.1 ± 0.1 m. The values for the 10 kg run can be seen in Table 1, and the
corresponding values for the 13 kg and 15 kg runs can be seen in Table 2 and Table 3.

10 kilograms
Trial

Current (A)

Voltage (V)

Time (s)

Efficiency

Slow

6.40 ± 0.01

48.8 ± 0.1

4.66 ± 0.01

0.21 ± 0.01

Fast

7.27 ± 0.01

48.7 ± 0.1

1.87 ± 0.01

0.45 ± 0.03

Table 1: Data from the 10 kg trials.

13 kilograms
Trial

Current (A)

Voltage (V)

Time (s)

Efficiency

Slow

7.30 ± 0.01

48.5 ± 0.1

3.99 ± 0.01

0.28 ± 0.01

Fast

9.96 ± 0.01

48.1 ± 0.1

1.67 ± 0.01

0.49 ± 0.02

Table 2: Data from the 13 kg trials.
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15 kilograms
Trial

Current (A)

Voltage (V)

Time (s)

Efficiency

Slow

9.69 ± 0.01

48.0 ± 0.1

4.02 ± 0.01

0.24 ± 0.01

Fast

11.7 ± 0.1

47.7 ± 0.1

2.11 ± 0.01

0.38 ± 0.02

Table 3: Data from the 15kg trials.
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Discussion
From the data, we noticed an interesting correlation between the time needed to lift

the mass to its 3.1 meter mark and the calculated value for efficiency. When the throttle
was engaged farther than it was for the slow runs, the time taken to raise the mass and
the voltage across the controller input decreased, but the current increased. The changes
in voltage were ultimately small, and the changes in current were noticeable, but they did
not contribute to as significant of a change in the efficiency value as time. For each of
the fast runs, the time taken to raise the mass was effectively cut in half when compared
to the slow runs. This change in time corresponded to nearly doubling the efficiency
of the electric motor. This change in efficiency makes sense because the electric motor
was performing the same amount of mechanical work in less time, and the electrical cost
difference of performing the work in the shorter amount of time was low. The manufacturer
of this electric hub motor advertised an efficiency of 80% in the specifications of the motor.
Unfortunately, we had no way of knowing how they obtained this value, and our efficiency
values were not comparable. We believe the differences between our values and those the
manufacturer advertises lie in the masses we were able to perform our experiment with. In
an article by Motor Challenge (a program of the U.S. Department of Energy), they state
the following:
"Most electric motors are designed to run at 50% to 100% of rated load. Maximum efficiency is usually near 75% of rated load. Thus, a 10-horsepower (hp)
motor has an acceptable load range of 5 to 10 hp; peak efficiency is at 7.5 hp. A
motor’s efficiency tends to decrease dramatically below about 50% load" [12].
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The electric hub motor had no issue raising the masses we tested, and it took very little
input from the throttle to make the masses rise. Therefore, we believe we were certainly
operating below 50% of the motor’s load capability, which contributed to the low values
for efficiency.

9

Limitations
We encountered many limitations during our experiment that can mostly be attributed

to a lack of resources. Had we been at the University of Lynchburg to conduct this
experiment, we would have removed the front forks from the bicycle and mounted them
so that the wheel was suspended out from one of the windows on the top floor of HobbsSigler Hall. This would have given us a long drop to lift a mass and the opportunity
for more constant and accurate measurements. We also would have been able to use the
instrumentation within the physics lab to obtain our measurements, which would have been
more accurate. One major issue we encountered with our experimental setup was that the
multi-meter we were using to measure the current was only rated to handle 20 A, and the
motor controller was rated to produce a maximum of 26 ± 1 A. We attempted to run a
trial for a mass of 17 kg, but when we engaged the throttle, the current rose above the
ammeter’s rated 20 A and we could not obtain the value. To conquer this issue, we would
have needed an ammeter that was capable of measuring up to 30 A. We were not able
to obtain such an instrument, so our experimental capabilities were limited to situations
where our ammeter could provide values. In addition to this problem, we would have
needed a more substantial rig to lift heavier masses. The bucket we were using could not
handle the type of weight we would have needed to test to get close to 75% of the motor’s
load capacity. The most accurate way to measure the electric hub motor’s mechanical
power output would have been to use a dynamometer. These instruments are used to
measure the wheel’s torque and rotational speed simultaneously. From these values, we
would have also been able to determine a value for power using the equation

Pout = τ ω

(13)

where Pout is the mechanical power output, τ is torque, and ω is the rotational speed. We
did not have access to a dynamometer for this experiment, but if we did, we would have
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been able to simultaneously measure our mechanical power output and electrical power
input accurately. A dynamometer would have also allowed us to plot the power output as
a function of time; in doing so, we would have been able to see a value for peak power and
determine its efficiency at this point. Therefore, to really perform this experiment more
accurately, we should have used a dynamometer.

10

Alternate Approach
To support our claim that we had not approached the maximum load capacity of the

electric hub motor, we obtained data for the average mechanical power output when a rider
was operating the e-bike at a constant velocity on flat ground. To do so, we made sure the
e-bike battery was fully charged, and then we rode it at essentially a constant speed until
the battery was fully discharged. Then, we used the total distance covered, ∆x, and the
time taken to cover this distance, ∆t, to calculate the average speed, vavg , which is defined
as

vavg =

∆x
.
∆t

(14)

This average speed was used to calculate the average power output of the electric
motor on the trip. To make this average speed an average velocity, we must simply define
a direction associated with the speed. Power is related to work in that power is an amount
of work done per unit time. In physics, we define power in terms of work, time, force, and
velocity as follows:

dW
,
dt

(15)

dW = F · dr,

(16)

dW
dr
=F ·
,
dt
dt

(17)

P = F · v.

(18)

P =

P =

We defined power, P , in the Equation (14) as an amount of work dW done in time
dt. We can also define this work as a force F acting on a body over some displacement
19

dr. Therefore, we can use this to redefine power in terms of force. In doing so, it becomes
evident that dr/dt is the body’s velocity, so power can be written as the dot product
between the force acting on the body and its velocity. To calculate the average mechanical
power output, we examined the forward force on the system from the ground, which was
given the name Fb . This force was always acting in the same direction as the average
velocity, so the dot product yielded a positive value, and the average power could be
written as

Pavg = Fb vavg .

(19)

We needed to know a value for Fb during the trip, which was attainable based on
the fact that we were considering the e-bike to be moving at a constant velocity on flat
ground. The constant velocity meant that the net force on the system was zero. A free
body diagram of the system (seen in Figure 7) and Newton’s Second Law were used to
solve for Fb .

Figure 7: Free body diagram of the bike and rider system moving at a constant velocity.

The forces acting on the system shown in the free body diagram were Fb , the force
on the system from the ground, FR , the resistive forces, FN , the normal force from the
ground, and mg, the weight force of the bike and rider combination. The resistive forces we
considered acting on the system were air resistance, FD = CD Aρv 2 /2 and rolling resistance
from the tires on the road, Fr = µk FN . In these equations, v is the speed, ρ is the air
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density, A is the cross sectional area of the bike and rider, CD is the drag coefficient, m
is the combined mass of the bike and rider, g is acceleration due to gravity, and µk is the
coefficient of friction between the bike’s tire and the road. Since the net force acting on the
system was zero, FN and mg were equal in magnitude and opposite in direction, and the
same was true for Fb and FR . Therefore, we dropped the vector notation and proceeded
with the following:

F (net) = Fb − FR ,

(20)

0 = Fb − FR ,

(21)

Fb = FR ,

(22)

Fb = FD + Fr ,

(23)

Fb = CD Aρv 2 /2 + µk FN ,

(24)

Fb = CD Aρv 2 /2 + µk mg.

(25)

This expression for Fb is what we used in Equation (19) to find the average power
output of the motor. We used the same values for µk and ρ as those defined in the article
Inclined-plane model of the 2004 Tour de France by Benjamin Hannas and John Eric Goff
for our calculations [13]. However, their values for CD A were for a cyclist in the Tour de
France, who would have been wearing extremely aerodynamic clothing. This was not the
case for our rider, so we searched elsewhere for a value of CD A that described a person
riding a commuting bike in an upright position. In a book called Bicycling Science by
David Gordon Wilson, we found a value of CD A = 0.632 m2 for an upright commuting
bike [14]. The mass of the bike and rider combination was 134 ± 1 kg. For convenience,
we made a table of these values in Table 4.
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Variables

Values

CD A

0.632 m2

ρ

1.20 kg/m3

µk

0.003

g

9.80 m/s2

m

134 ± 1 kg

vavg

9.80 ± 0.05 m/s

Table 4: Numerical values for each variable we defined.

With all of these values defined, we used Equation (18) and Equation (20) to calculate a
value for average mechanical power output. As a result, assuming there was no uncertainty
in anything but the mass and average speed, we determined Pavg = 396 ± 6 W. In other
words, over the course of the trip, which traversed 20 miles in 54.5 minutes, the average
mechanical power output of the electric hub motor was 396 W to keep the system at a
constant speed. As a reference, this average power was significantly greater than the slow
trial’s 64.1 W or the fast trial’s 160 W of mechanical power output needed to lift the 10 kg
mass. Also, the electric hub motor maintained this constant speed with ease. Therefore,
it was safe to say that our experiment of lifting masses was unable to obtain values for
the efficiency in a load range where the efficiency should be high. However, the fact that
we saw efficiencies close to 50% left us hopeful that the goal of 80% efficiency could be
reached with the right conditions.
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Implications
From this experiment, we can gather that the electric hub motor had a fairly low

efficiency when moving light masses at low speeds, and this efficiency increased as the
speed increased. The fastest average speed of the mass during our experiment was 1.8
m/s and this corresponded with the highest efficiency. We believe that the hub motor
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would have a much greater efficiency if the load on the motor was increased and we tested
speeds similar to the average speed achieved while riding the bike of 9.8 m/s. However, our
limitations that stemmed from instrumentation and the outbreak of COVID-19 prevented
us from being able to collect the data we would have liked to see.
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Future Work
This project has provided the basis for substantial future research. Our model’s purpose

was to determine the efficiency of just the electric motor. However, there is still much that
can be done to determine better values for this efficiency. Moving forward, researchers
should do their best to locate a dynamometer that can be used for experimentation, or
they should attempt to build one for their own use. With such a piece of equipment,
and the proper tools to measure a high current, researchers should be able to determine
accurate values for the hub motor’s efficiency. Just to scratch the surface of what can be
done after that point is reached, we present the following problems:

13.1

Future Problem 1

Calculate the efficiency of the electric motor when treating the system as a hybrid
electric vehicle (HEV), where there is input force from the rider and the electric motor.

13.2

Future Problem 2

Calculate the efficiency of the electric motor for varying angles of inclination of the
inclined plane, still considering the input only from the electric motor.
23

13.3

Future Problem 3

Calculate the efficiency of the electric motor when treating the system as a hybrid
electric vehicle (HEV) for varying angles of inclination, where there is input force from the
rider and the electric motor.

13.4

Future Problem 4

Calculate the efficiency of the circuit involved with the charging station. Attempt to
verify the efficiency of the solar panels.
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Appendix

Figure 8: Final Solar panels installed on the Bike Shack.

Figure 9: The MPPT charge controller, 12 VDC battery, and inverter installed inside of
the Bike Shack.
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Figure 10: The e-bike battery and carrying rack installed on the back of the bike.

Figure 11: The motor controller installed on the top of the battery carrying rack.
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Figure 12: The throttle, LCD screen, and new brake levers installed on the handlebars.

Figure 13: The e-bike, oriented upside down to lift masses.
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Figure 14: The entire experimental setup for lifting masses.
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